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On the Theoretical Foundations of

Score-Based Generative Models

Stochastic Control, Discrete Extensions, and Stability Guarantees

Antonio Ocello
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If You Ever Get Bored During This Talk. . . Just Think About This

Figure: AI-generated image from DALL-E 2. Image: OpenAI.
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Generative Models

HIGH FIDELITY

FAST DIVERSITY
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Score-Based Models: Natural Questions

A natural question arises:

Why do these models seem to work better?

1. Why do these models work?

2. Is the pipeline general?

3. Stochastic vs deterministic generation?
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Principles of Score-based Generative Models (SGMs)

Forward Phase

Backward Phase

Interpolating between two distributions:
↭ The data distribution: ωdata → P(Rd ).
↭ The easy-to-sample distribution: ωref → P(Rd ) (typically, a standard multivariate Gaussian).
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Principles of Score-based Generative Models (SGMs)

Forward Phase

Backward Phase

Two fundamental processes in SGMs:
↭ Forward process: Transforms ωdata into ωref by gradually adding noise.
↭ Backward process: Inverts the noising process to reconstruct samples from ωdata.
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Forward and Backward Process in SGMs

Continuous-Time Formulation of SGMs: trasform ωdata into an easy-to-sample
distribution ωref through an SDE.

Forward Process: solution of an Ornstein-Uhlenbeck Process

d
→↑
X t = →

→↑
X tdt +

↓
2dWt ,

→↑
X 0 ↔ ωdata,

↭ The drift term →Xt ensures that the process converges to N (0, I) as t ↑ ↗.
↭ The diffusion term

↓
2dWt introduces controlled noise, smoothing the transition.

↭ Notation: pt(x)dx := L(
→↑
X t).

Backward Process (Time-Reversed SDE): Under mild conditions the forward process
admits a time-reversed process [And82; HP86; CCGL23], i .e.,

L
((↘→

X t

)

t→[0,T ]

)
= L

((→↑
X T↑t

)

t→[0,T ]

)
,

with d
↘→
X t =



↘→X t + 2≃ log pT↑t︸ ︷︷ ︸
score function

(↘→
X t

)


 dt +
↓

2dW̄t ,
↘→
X 0 ↔ pT ⇐ N (0, I).

↭ The score term drives the equation in regions of space of high probability.
↭ Backward process is a generative model in SGMs.
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SGMs in Practice I: Mixing Time

↭ Problem 1: Time-reversal holds when
↘→
X 0 ↔ pT .

↭ However, pT depends ωdata

pt(xt) =

∫

Rd

pt(xt |x0)︸ ︷︷ ︸
L
(↑↓

X t

∣∣∣
↑↓
X 0

)
ωdata(x0)dx0.

↭ Leveraging the ergodicity of the Ornstein-Uhlenbeck kernel:

Xt

L
= e↑t

X0 +
√

1 → e↑2tZ , with Z ↔ N(0, I),Z⇒X0 .

↭ For large T enough, pT ⇐ ωref ↔ N (0, I).

Mixing time error: pT is not exactly ωref.

7
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SGMs in Practice II: Learning the Score Function

↭ Problem 2: the backward process depends on the score function ≃ log pT↑t(x).
↭ Idea: Train a deep neural network sω : [0,T ]⇑ Rd ↑ Rd to minimize

Lexplicit(ε) = E
[sω

(
ϑ,
→↑
X ε

)
→≃ log pε

(→↑
X ε

)
2

, with ϑ ↔ U(0,T ), ϑ⇒

→↑
X .

↭ Since pε (x) is unknown, use a conditional score-matching objective [HD05;
Vin11]

Lscore(ε) = E
[sω

(
ϑ,
→↑
X ε

)
→≃ log pε

(→↑
X ε


→↑
X 0

)
2

,

as the conditional score is the score of a Gaussian kernel that writes as

≃ log pε

(→↑
X ε


→↑
X 0

)
=

e↑εX0 →
→↑
X ε

1 → e↑2ε .

Approximation error: sω is not exactly ≃ log pT↑t .

8
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SGMs in Practice III: Simulating from the Backward Kernel

↭ Problem 3: unlike the forward process, the backward process is non-linear.
↭ Consider a partition 0 = t0 ⇓ t1 ⇓ · · · ⇓ tN = T of [0,T ], and denote hk = tk+1 → tk .
↭ Use an Euler-Maruyama scheme to simulate the backward process

d
↘→
X

N

t =
(↘→

X
N

t + 2sω

(
T → tk ,

↘→
X

N

tk

))
dt +

↓
2dBt .

Discretization error: Euler-Maruyama scheme is not exact.

9



C
R

E
S

T
-T

he
or

et
ic

al
Fo

un
da

tio
ns

of
S

G
M

SGM Pipeline: Training vs Generation

Training

1: Inputs: dataset {x (i)} (i.i.d. → ωdata), horizon T ,
partition 0 = t0 ↑ · · · ↑ tN = T .

2: Initialize network parameters ε.
3: for each training iteration do
4: Sample a mini-batch x0 → ωdata.
5: Sample ϑ → U(0,T ), z → N (0, I).
6: Simulate xω : xω = e→ω

x0 +
√

1 ↓ e→2ω z.
7: Compute the conditional score target:

↔ log pω (xω | x0) =
e→ωx0 ↓ xω

1 ↓ e→2ω .

8: Update ε by SGD on

L(ε) = E
[
↗sε(ϑ, xω )↓↔ log pω (xω | x0)↗2].

9: end for
10: Output: trained score network sε .

Generation

1: Inputs: trained sε , T , partition
0 = t0 ↑ · · · ↑ tN = T .

2: Initialize Xϑ
0 → ωref = N (0, I).

3: for k ↘ {0, . . . ,N ↓ 1} do
4: Sample Zk → N (0, I).
5: Euler–Maruyama update:

X
ϑ
tk+1

= X
ϑ
tk
+

(tk+1 ↓ tk )(X
ϑ
tk
+ 2sε(T ↓ tk ,X

ϑ
tk
))

+
√

2(tk+1 ↓ tk )Zk .

6: end for
7: Output: sample Xϑ

T
≃ ωdata.

10
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Time Reversal as an Optimal Control Problem

Theorem (Time Reversal under Finite Entropy [CCGL23])

Let (Xt)t↑[0,T ] solve a stationary ergodic SDE

dXt = b(Xt) dt + ε dBt , X0 ↗ µ0, with invariant measure µϑ.

Assume the finite entropy condition: KL(µ0 | µϑ) < ↘. Denote pt denotes the density of
Xt . Then, the time-reversed process (

≃↑
X t)t↑[0,T ] satisfies

d
≃↑
X t =

(
b(
≃↑
X t) + ε2⇐ log pT→t(

≃↑
X t)

)
dt + ε dBt ,

and the reversed drift is the unique minimizer of the following stochastic control problem:

inf
u
E
[

1
2

∫
T

0
⇒ut⇒2

dt + log
dµϑ

dµ0
(X u

T )

]

s.t. dX
u

t = b(X u

t )dt + utdt + εdBt , X
u

0 ↗ pT .

11
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Log Density Solves an HJB Equation

Let p̃t =
pt

µω
denote the Radon-Nykodum density of pt with respect to the invariant

measure µϑ. Then, the log density !t = log p̃t solves a Hamilton–Jacobi–Bellman (HJB)
equation:

ϖt!+ b
↔!+

ϱ2

2
”2!+

ϱ2

2
⇔≃!⇔2 = 0.

Thus:
↭ The score is the optimal control, i.e., uϑ

t
= ≃!T↑t = ≃ log p̃T↑t .

↭ The backward SDE is the controlled diffusion.

↭ Fisher information I(µ0 | µϑ) =

∫ ≃ log

(
dp0

dµϑ

)
2

dp0 corresponds to control
energy.

12



C
R

E
S

T
-T

he
or

et
ic

al
Fo

un
da

tio
ns

of
S

G
M

KL Divergence as Control Energy

Girsanov identity: KL(µ0 | p
ω
T ) =

1
2
E
∫ T

0
⇔u

ϑ
t → ût⇔2

dt + initialization term.

Theorem (KL Convergence Bound — the OU case [CDS25])

Assume there exist ϑ2 > 0 and ϖϑ → ! such that

1
T

N→1∑

k=0

hk+1 E
[∥∥∥s̃εω(T ↑ tk ,

↑↓
X T→tk

)↑ 2⇐ log p̃T→tk
(
↑↓
X T→tk

)
∥∥∥

2
]
⇑ ϑ2.

Then, KL = E1 + E2 + E3 where

E1 := e
→2T KL(µ0|µϑ) (initialization)

E2 := Tϑ2 (score training error)
E3 := h I(µ0|µϑ) (Euler discretization error).

Key insight: Euler error is controlled directly by Fisher information.

13
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Evolution of Concavity and Smoothness in Time

Propagation of Strong Concavity and Lipschitzness

Assume that ωdata is C0-strongly log-concave and ⇐ log ωdata is L0-smooth with
min{C0, L0} > 1/2. Then, for any t → (0,T ], the score function pt(x) is Ct -strongly
log-concave with

Ct =
1

e→t/C0 + 2 (1 ↑ e→2t)
,

and ⇐ log pt is Lt -Lipschitz with

Lt = min

{
1

2 (1 ↑ e→2t)
; L0e2t

}
.

Moreover, Ct ⇑ C0 and Lt ⇑ L0, for t ⇓ 0.

Key insight: The first result is a consequence of the Prékopa-Leindler inequality, a
fundamental result in convex analysis [Pré71; BL76; SW14].

15
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Beyond Concavity: Weak Concavity

Convexity Profile: For a differentiable vector field ς, its weak convexity profile is

φϖ(r) = inf
x,y→Rd :↗x↑y↗=r


(≃ς(x)→≃ς(y))↔ (x → y)

⇔x → y⇔2


.

Weak convexity goes beyond φϖ ↖ 0 by allowing non-uniform bounds.

Definition (Weak Concavity):

A vector field ϱ is weakly convex if there exist ς,M > 0 such that its convexity profile
satisfies

φϖ(r) ⇓ ς↑ 1
r

fM(r) ,

with fM(r) := 2
↔

M tanh
(

r
↔

M/2
)

. A vector field ϱ is weakly concave if ↑ϱ is weakly
convex.

16
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New Model Assumptions

Assumption 1:

The data distribution ωdata satisfies ωdata(dx) = exp(↑U(x))dx , with
1. (Weak Convexity) U is weakly convex, i.e., its profile φU satisfies

φU(r) ⇓ ς↑ 1
r

fM(r), for some ς,M > 0.

2. (Lipschitz Condition) ⇐U is LU -Lipschitz.

Assumption 2:

There exist ϑ ⇓ 0 and ϖϑ → ! such that

sup
k↑[N]

∥∥⇐ log pT→tk

(
X

↓
tk

)
↑ sε

(
T ↑ tk ,X

↓
tk

)∥∥
L2 ⇑ ϑ.

17
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Example

Which kind of distributions satisfy Assumption 1?

Proposition [GSO25]:

Let pn be a Gaussian mixture in Rd , i.e.,

pn(x) =
n∑

i=1

↼i

1
(2ωε2)d/2 exp

(
↑ |x ↑ µi |2

2ε2

)
,

with ε > 0, µi → Rd and ↼i → [0, 1], such that
∑

n

i=1 ↼i = 1. Then, ↑ log pn is weakly convex
with coefficients

ςpn
=

1
ε2 ,

√
Mpn

=
2n

ε2

n∑

i=1

⇒µi⇒ .

Moreover, we have that ⇐ log pn is (↼pn
+

√
Mpn

)-Lipschitz, with ↼pn
= 1

ϱ2 .

18
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Key Results: Convexity of the Score Function

Proposition:

Assume that U is (ς,M)-weakly convex. Then, the function x ⇔↓ ↑ log p̃T→t(x) is weakly
convex with weak convexity profile:

φ→ log p̃T→t
(r)

⇓ ς

ς+ (1 ↑ ς)e→2(T→t)
↑ 1 ↑ e→(T→t)

ς+ (1 ↑ ς)e→2(T→t)

1
r

fM

(
e→(T→t)

ς+ (1 ↑ ς)e→2(T→t)
r

)
.

In particular, the modified score function satisfies

(⇐ log p̃T→t(x)↑⇐ log p̃T→t(y))
↔ (x ↑ y) ⇑ ↑Ct ⇒x ↑ y⇒2 , ↖x , y → Rd ,

with Ct =
ς

ς+ (1 ↑ ς)e→2(T→t)
↑ e→2(T→t)

(ς+ (1 ↑ ς)e→2(T→t))2 M ↑ 1.

19
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Key Results: Convexity of the Score Function

Proposition:
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Key Results: Smoothness of the Score Function

Proposition:

Assume that ⇐U is LU -Lipschitz. Then, the modified score function is Lt -Lipschitz:

⇒⇐ log p̃T→t(x)↑⇐ log p̃T→t(y)⇒ ⇑ Lt ⇒x ↑ y⇒ , ↖x , y → Rd .

with

Lt = min

{
1

1 ↑ e→2(T→t)
; e2(T→t)

LU

}
+ 1.

20
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Regime switching
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Regime switching

pt weakly log-concave pt log-concave
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Regime switching

pt weakly log-concave pt log-concave

bt non-contractive bt contractive
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Regime switching

pt weakly log-concave pt log-concave

bt non-contractive bt contractive

Key Insight: Contractivity foster efficiency.
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Non-Asymptotic Guarantees for SGMs

Theorem [GSO25]:

Consider a uniform grid {kh}k for discretizing time. Suppose, Assumptions 1 and 2
hold. Then, there exists C > 0 such that

W2 (ωdata,L (Xϑ
T )) ↫ e→TW2 (ωdata,ωref)  

Mixing time error

+ Tϑ
Approx. error

+
↔

dhT  
Discr. error

.
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CTMCs on Discrete Spaces: Generator and Sampling

A CTMC (Xt)t↑[0,T ] on a discrete space X is characterized by a (possibly time-inhomogeneous) rate
matrix (qt)t↑[0,T ] such that ∑

y↑X

qt(x , y) = 0, ↖x → X,

and, as h ↙ 0,
P(Xt+h = y | Xt = x) = ↽x(y) + h qt(x , y) + o(h).

Sampling [Gil07]: Define the jump rate and jump kernel

⇀t(x) =
∑

y↑X

qt(x , y), kt(x , y) = 1x ↗=y

qt(x , y)
⇀t(x)

.

Jump times are generated via an exponential clock and the integral hazard

”Ti+1 = inf


t ⇓ 0 :

∫
t

0
⇀Ti+r (XTi

) dr ⇓ Ei


,

then sample the next state using Cate(kTi+1(XTi
, ·)).
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Forward Process on {0, 1}: Closed-Form Transition

State space X = {0, 1}, homogeneous bit-flip CTMC:

↑↓
q 1(x , y) =


⇀, y ∝= x ,

↑⇀, y = x .

Closed form transition matrix. For 0 ⇑ t ⇑ T , ↑↓p 1
t = exp(t ↑↓q 1) and

↑↓
p

1
t (x , y) =


1
2 + 1

2 e
→2ςt , x = y ,

1
2 ↑ 1

2 e
→2ςt , x ∝= y .

Equivalently,
↑↓
p

1
t =

1
2

(
1 + e

→2ςt 1 ↑ e
→2ςt

1 ↑ e
→2ςt 1 + e

→2ςt

)
.

Exponential mixing to uniform. As t ↓ ↘, e
→2ςt ↓ 0 and ↑↓

p
1
t (x , ·) ↓ (1/2, 1/2).
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Backward Process on {0, 1}: Time Reversal Formula

Define the reversed process
↘→
X t =

→↑
X T↑t . Then it is again a (time-inhomogeneous) CTMC

with generator ↘→q t satisfying the time-reversal identity:

µT↑t(x)
↘→
q t(x , y) = µT↑t(y)

→↑
q 1(y , x), x ↙= y ,

where µt(x) = P(
→↑
X t = x).

Since →↑
q 1 is symmetric,

↘→
q t(x , y) =

→↑
q 1(y , x)

µT↑t(y)

µT↑t(x)
.
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Discrete Score on {0, 1} and Conditional Expectation

Discrete score function (discrete analogue of ⇐ log pt ):

st(x) =
µT→t(x)↑ µT→t(1 ↑ x)

µT→t(x)
.

Backward generator expressed via the score:

≃↑
q t(x , y) =





⇀
(
1 ↑ st(x)

)
, y ∝= x ,

↑⇀
(
1 ↑ st(x)

)
, y = x .

Explicit conditional expectation representation.
Let ςt = e

→2ςt . Then

st(x) = E


2ςT→t 1{
→↘
X 0=

→↘
X T→t}

↑
(
1 + ςT→t

)

1 ↑ ς2
T→t


↑↓
X T→t = x


.

Key insight: The discrete score is a regression target obtained from forward trajectories.
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Extension to {0, 1}d : Forward Process and Closed Form

State space X = {0, 1}d . The forward CTMC flips one coordinate at each jump: sample jump times
from a Poisson process and at each jump choose ⇁i ↗ Unif{1, . . . , d}, then flip the ⇁i -th bit.

The generator decomposes as a sum of coordinate generators:

↑↓
q =

d∑

φ=1

↑↓
q φ,

↑↓
q φ(x , y) =






⇀, y = φ(φ)(x) (flip bit ⇁),
↑⇀, y = x ,

0, otherwise.

Closed form / factorization. Denoting ↑↓
p

1
t the {0, 1} transition, known in closed form, the transition

kernel factorizes over dimensions, yielding

µt(x) =
∑

z↑X

µ0(z)
d

i=1

↑↓
p

1
t (zi , xi).

Exponential mixing to uniform. As each coordinate mixes at rate e
→2ςt , the chain converges

exponentially fast to the uniform measure ϱd on {0, 1}d .
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Backward Process on {0, 1}d and Vector Score

The time-reversed process
≃↑
X t =

↑↓
X T→t is a non-homogeneous CTMC with generator ≃↑q t satisfying

the same time-reversal formula.

Define the vector discrete score st(x) = (s(1)
t

(x), . . . , s(d)
t

(x)) by

s
(φ)
t
(x) :=

µT→t(x)↑ µT→t(φ
(φ)(x))

µT→t(x)
, ⇁ = 1, . . . , d ,

where φ(φ) flips the ⇁-th bit.

Then the backward jump rates only connect Hamming-neighbors:

≃↑
q t(x , y) =

d∑

φ=1

⇀
(
1 ↑ s

(φ)
t
(x)

)
1{y=↼(ε)(x)}.

Key insight: Each component of the discrete score admits a conditional expectation representation
=′ learning st reduces to a regression problem based on forward trajectories (discrete analogue of

score matching).
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Time Reversal as an Optimal Control Problem

Following [CL22], the time-reversal of the forward CTMC can be interpreted as an optimal control
problem minimizing the relative entropy between path measures.

The optimal control ut(x , y) (for x ∝= y ) admits the explicit form

ut(x , y) = exp
(
V (t , x)↑ V (t , y)

)
, (t , x , y) → [0,T ]∞ X2,

with V (t , x) = ↑ log µ̃T→t(x), where µ̃t denotes the relative density with respect to the invariant
measure.

Proposition (HJB equation [PSOCD25])

The value function V satisfies the discrete Hamilton–Jacobi–Bellman equation:

∂tV (t , x) = ⇀
d∑

φ=1

[
e

V (t,x)→V

(
t,↼(ε)(x)

)
↑ 1

]
,

V (T , x) = g(x) = ↑ log
dµ0

dµϑ
(x), (t , x) → [0,T )∞ X.

30



C
R

E
S

T
-T

he
or

et
ic

al
Fo

un
da

tio
ns

of
S

G
M

Main Convergence TheoremTheorem (Sharp KL Convergence Bound [PSOCD25])

Consider the discrete forward CTMC on {0, 1}d with horizon T , and assume:
(A1) Finite initial relative entropy: KL(µ0 | µϑ) < ↘.

(A2) Score approximation error bounded by ϑ2.
Then the learned reverse-time process satisfies

KL(µ0 ⇒ µ̂T ) ⇑ E1 + E2 + E3,

where

E1 = e
→2ςT KL(µ0 | µϑ) (mixing / initialization),

E2 = T ϑ2 (score learning error),
E3 = ⇀h↼ϖd

(µϑ), (discretisation / sampling error),

with ↼ϖd
(µ0) a Fisher-like information of µ0 relative to the uniform distribution ϱd , i.e.,

↼ϖd
(µ0) = E


d∑

φ=1

h
(

e
g(

→↘
X 0)→g(↼(ε)(

→↘
X 0))

)
, g := ↑ log

(
dµ0

dϱd

)
, h(a) = a log a ↑ a + 1.
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Stability I: Forgetting Property of the Backward Chain

Setting. The reverse-time SGM defines a (possibly inhomogeneous) Markov chain

Xk+1 ↗ Pk (Xk , ·),

whose transition kernel depends on the learned score.

Main structural result of the paper: The backward Markov chain enjoys a forgetting
(contractivity) property: for two initializations x , y ,

TV
(
Law(X x

k ),Law(X y

k
)
)

⇑ C ▷k , ▷ < 1.

Key insight:
↭ The chain progressively forgets its initial condition.
↭ Errors at early stages do not accumulate indefinitely.
↭ Sampling becomes robust to initialization mismatch.

Implication for SGMs: Backward generation is stable even under imperfect score approximation.

33



C
R

E
S

T
-T

he
or

et
ic

al
Fo

un
da

tio
ns

of
S

G
M

Stability II: Lyapunov Propagation

Key technical tool: Lyapunov function propagation.
There exists a function V : X ↓ R+ such that

E[V (Xk+1) | Xk = x ] ⇑ (1 ↑ ς)V (x) + b, ς > 0.

Consequences.
↭ Uniform moment control along the backward trajectory.
↭ No explosion under score perturbations.
↭ Tightness and stability of the generated distribution.

For SGMs:
↭ Prevents instability from large score gradients.
↭ Guarantees bounded propagation of discretization error.
↭ Ensures robustness of sampling dynamics.

Key insight: Lyapunov control ′ stable generation.
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Stability of Score-Based Generation

Combining forgetting + Lyapunov propagation yields:

1. Controlled error accumulation
KL = Einit + Escore + Edisc, with no exponential blow-up.

2. Stability w.r.t. score perturbation
Small regression error in the score ⇒sε ↑ s

ϑ⇒2 induces only linear degradation in KL.

3. Practical implication
SGM generation is:
↭ robust to imperfect training,
↭ robust to discretization,
↭ insensitive to initialization at large horizon.

Key insight: The backward SGM dynamics behaves as a stable controlled Markov chain, not as an
unstable reverse-time diffusion.
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Conclusion
1. Why do SGMs work?
↭ Solve a sequential problem: bridging sampling from simple reference to complex data.
↭ Log-concavity helps ensure contractivity and stability of the backward dynamics.
↭ Explicit non-asymptotic convergence bounds in different metrics

Mixing + Score Approximation + Discretization.

↭ Stability ensured by forgetting and Lyapunov propagation.

2. Is the pipeline general?
↭ Time-reversal = optimal control problem. Link with stochastic control.
↭ Discrete state spaces: {0, 1} and {0, 1}d .
↭ Control-theoretic formulation suggests natural ways to encode priors.

3. Stochastic vs deterministic generation?
↭ Stochastic backward dynamics enjoys forgetting and stability.
↭ Robustness to initialization and score perturbations.
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Perspectives

Future directions.
↭ Convergence guarantees for conditional SGMs.
↭ Incorporating heavy-tailed priors or non-Gaussian references.
↭ Beyond OU: structured forward dynamics.
↭ Sharper Wasserstein / path-space stability bounds.

SGMs are controlled stochastic systems — not just denoisers.
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