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Generative Models
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Score-Based Models: Natural Questions

A natural question arises:

Why do these models seem to work better?
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Score-Based Models: Natural Questions

A natural question arises:

Why do these models seem to work better?

1. Why do these models work?
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Score-Based Models: Natural Questions

A natural question arises:

Why do these models seem to work better?

1. Why do these models work?

2. Is the pipeline general?
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Score-Based Models: Natural Questions

A natural question arises:

Why do these models seem to work better?
1. Why do these models work?
2. Is the pipeline general?

3. Stochastic vs deterministic generation?
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Principles of Score-based Generative Models (SGMs)

Forward Phase

AN

Backward Phase

Interpolating between two distributions:
> The data distribution: mgas € P(RY).
> The easy-to-sample distribution: me € P(RY) (typically, a standard multivariate Gaussian).

CREST - Theoretical Foundations of SGM




Principles of Score-based Generative Models (SGMs)

Forward Phase

Backward Phase

Two fundamental processes in SGMs:
» Forward process: Transforms myata iNto 7t by gradually adding noise.

» Backward process: Inverts the noising process to reconstruct samples from 7gata-
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Forward and Backward Process in SGMs

Continuous-Time Formulation of SGMs: trasform 7y, into an easy-to-sample
distribution 7 through an SDE.
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Forward and Backward Process in SGMs

Continuous-Time Formulation of SGMs: trasform 7y, into an easy-to-sample
distribution 7 through an SDE.

Forward Process: solution of an Ornstein-Uhlenbeck Process

dX (= — Xt +V2dWs,  Xo ~ Toaa,

> The drift term —X; ensures that the process converges to N'(0,1) as { — oo.
» The diffusion term v/2dW; introduces controlled noise, smoothing the transition.

> Notation: pi(x)dx := 5(7,).

=
0]
2]
k]
@
e
2
T
°
c
=]
°
i
T
2
°
S
@
<
=
i
»
W
o
(&}




Forward and Backward Process in SGMs

Continuous-Time Formulation of SGMs: trasform mya, into an easy-to-sample
distribution 7, through an SDE.

Forward Process: dX; = — X dt + v2dWs, Xo ~ Taat, With pe(x)dx := £(X.).

Backward Process (Time-Reversed SDE): Under mild conditions the forward process
admits a time-reversed process [And82; HP86; CCGL23], i.e.,

. (&’) te[o,ﬂ) =£ <<7T") re[o,ﬂ) ’

with dX, = [Y, 42V ogpr i (Y,)] dt +V2dW;, Xo ~ pr~ N(0,I).
———

score function

» The score term drives the equation in regions of space of high probability.
> Backward process is a generative model in SGMs.

CREST - Theoretical Foundations of SGM



SGMs in Practice I: Mixing Time

» Problem 1: Time-reversal holds when Yo ~ pr.
> However, pr depends mgata

pi(x) = /R o) s (30) .
L(Y,|70)

> Leveraging the ergodicity of the Ornstein-Uhlenbeck kernel:
X Ze ' Xo+V1—e2Z, withZ~ N(0,I),ZLX, .

> Forlarge T enough, pr ~ 7 ~ N(0.1).

CREST - Theoretical Foundations of SGM

00 - - - .
:A’. Mixing time error: pr is not exactly .




SGMs in Practice II: Learning the Score Function

» Problem 2: the backward process depends on the score function V log pr_:(x).

> Idea: Train a deep neural network s, : [0, T] x RY — R to minimize

_>
Lexpicn(6) = E [H39 (. X-) - Viogp. (X-)
> Since p,(x) is unknown, use a conditional score-matching objective [HD05;
Vin11]
— 2
%)l

as the conditional score is the score of a Gaussian kernel that writes as

70) _ e "Xy — 77— .

1—e27

Lscore(0) = E |:H59 (7’, 77) — Vlog p- (77

Viogp, (X

:‘A”- Approximation error: sy is not exactly V log pr_;.

2
‘ ] . with 7 ~U(0,T), 7L X .
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SGMs in Practice lll: Simulating from the Backward Kernel

» Problem 3: unlike the forward process, the backward process is non-linear.
> Consider a partition0 =ty < t; <--- < ty = T of [0, T], and denote hx = tx11 — .
» Use an Euler-Maruyama scheme to simulate the backward process

X = (X1 + 28 (Tt XY')) dt + V208,

S0 - - - .
:A‘- Discretization error: Euler-Maruyama scheme is not exact.
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SGM Pipeline: Training vs Generation

1: Inputs: dataset {x(V} (i.i.d. ~ mgata), horizon T,
partition0 =t < --- < ty=T.

Generation

: Inputs: trained sy, T, partition

—_

2: Initialize network parameters 6. 0=fh<---<ty=T.
3: for each training iteration do 2: Initialize X§ ~ mee = N(0, ).
4:  Sample a mini-batch X ~ Tqata- 3: forkc {0,...,N— 1} do
5:  Sample 7 ~ U(0, T),z ~ N(O, /). 4:  Sample Z ~ N(O, /).
6: Simulate x;: X =e "xg+ V1 —e 27z 5. Euler-Maruyama update:
7:  Compute the conditional score target:
Koo =Xt
_ TR —1)XE + 250(T — b X;
Vlong(X,- | XO) = W (tk+1 tk)( e + 59( tk’ Ik))

8:  Update 6 by SGD on + /21 — b)) Zi-

L£(0) = E[||so (7, x-) — V log p- (xr | x0)II]- 6: end for
7: Output: sample X7 ~ mgata-

CREST - Theoretical Foundations of SGM

9: end for
10: Output: trained score network sg.




Time Reversal as an Optimal Control Problem

Theorem (Time Reversal under Finite Entropy [CCGL23])

Let (Xi):cpo,m) SOlve a stationary ergodic SDE

dX; = b(X) dt + o dB, Xo ~ po,  with invariant measure ..

Assume the finite entropy condition: K1.(y | 1. ) < o<. Denote p; denotes the density of
X:. Then, the time-reversed process ( X):cpo, 7 satisfies

ax: = (b(?,) + 0%V log pT_,(Yt)) dt + o dB:,

and the reversed drift is the unique minimizer of the following stochastic control problem:

. 1 /7 2 ditx yu
..JfE[é/o |l +log G (X¥)

st dX{ = b(X{)dt + udt + odB;,  X§ ~ pr.

CREST - Theoretical Foundations of SGM




Log Density Solves an HJB Equation

Let p; = f’—‘ denote the Radon-Nykodum density of p; with respect to the invariant
measure ,u* Then, the log density ®; — log p; solves a Hamilton—Jacobi-Bellman (HJB)
equation:

o+ b+ 2A2¢+ ||v<1>||2

Thus:
» The score is the optimal control, i.e., uf = V&r_; = Vlog pr_;.
» The backward SDE is the controlled diffusion.

o2

2
dpo corresponds to control

> Fisher information Z(po | 14) :/'
energy.
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KL Divergence as Control Energy

. S 1 (7 . L
Girsanov identity: KL(uo | p%) = EE/ |uy — Ol|2dt + initialization term.
0

Theorem (KL Convergence Bound — the OU case [CDS25])

Assume there exist €2 > 0 and * € © such that

N—1

1 - - 2

- E hxi1 E |:H39*(T— tk,YT—tk) -2V |0gp7'_tk(77'_pk) :| < 2.
k=0

Then, KL = £, + E» + £5 where

Ei = e ?TKL(uo|u+) (initialization)
E;:=Té? (score training error)
Es := h T(po|p+) (Euler discretization error).

CREST - Theoretical Foundations of SGM

Key insight: Euler error is controlled directly by Fisher information.
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Beyond Log-Concavity and Score Regularity:

Improved Convergence Bounds for Score-
Based Generative Models in W2-distance
Marta Gentiloni-Silveri', Antonio Ocello?

TCMAP, Ecole Polytechnique, Institut Polytechnique de Paris, France.
2CREST, Groupe ENSAE-ENSAI, ENSAE Paris, Institut Polytechnique de Paris, France.

The Forty-Second International Conference on Machine Learning (ICML).
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Evolution of Concavity and Smoothness in Time

Propagation of Strong Concavity and Lipschitzness

Assume that w4t is Cop-strongly log-concave and Vlogmgata iS Lo-smooth with
min{Co, Lo} > 1/2. Then, for any t € (0, T], the score function p;(x) is C;-strongly
log-concave with

.
T e l/Cot2(1—e2)’

Ct
and V log p is Li~Lipschitz with

. 1
Lt = min {m, Lert} o

Moreover, C; < Cp and L; < Lo, for t > 0.

CREST - Theoretical Foundations of SGM

Key insight: The first result is a consequence of the Prékopa-Leindler inequality, a
fundamental result in convex analysis [Pré71; BL76; SW14].
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Beyond Concavity: Weak Concavity

Convexity Profile: For a differentiable vector field v, its weak convexity profile is

- (VY() = V) " (x—y)
ria(r) = x,yeRdl:Ile(fyH:’ { I =1 } |

Weak convexity goes beyond «- > 0 by allowing non-uniform bounds.

Definition (Weak Concavity):

A vector field v is weakly convex if there exist a, M > 0 such that its convexity profile
satisfies

i) > o (1)

CREST - Theoretical Foundations of SGM

with fy(r) := 2v/Mtanh (r\//\_4/2). A vector field v is weakly concave if —v is weakly
convex.




New Model Assumptions

Assumption 1:

The data distribution 7qas. Satisfies maata(dx) = exp(—U(x))dx, with
1. (Weak Convexity) U is weakly convey, i.e., its profile xy satisfies

ku(r) > a— %fM(r), for some a, M > 0.
2. (Lipschitz Condition) VU is Ly-Lipschitz.

There exist e > 0 and 6* € © such that

CREST - Theoretical Foundations of SGM

sup || Viogprs, (X5°) —so (T — t, X57)|| o < e
KE[N]




Example

Which kind of distributions satisfy Assumption 1?
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Example

Which kind of distributions satisfy Assumption 1?

Proposition [GSO25]:

Let p, be a Gaussian mixture in R?, i.e

|x — pil®
ZBI 2)(1/2 <_T‘2) )

with o > 0, u; € R? and ; € [0, 1], such that 37, B = 1. Then, — log p, is weakly convex
with coefficients

1 o 2N
Qp, = g2’ Mpn = o2 E ||:u’l|| .
i=1

CREST - Theoretical Foundations of SGM

Moreover, we have that V' log p,,is (3, + /M, )-Lipschitz, with 8y, =




Key Results: Convexity of the Score Function

Assume that U is (. M)-weakly convex. Then, the function x — — log pr_:(x) is weakly
convex with weak convexity profile:

K—togpr_(I)

« e~ (T-1) 1 e~ (71
> =1 = —fu r.
a+ (1 —a)e20-1 a+(1—a)e20-0r a+(1—a)e20-H

CREST - Theoretical Foundations of SGM
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Key Results: Convexity of the Score Function

Assume that U is (. M)-weakly convex. Then, the function x — — log pr_:(x) is weakly
convex with weak convexity profile:

K- 10gpr_(I)

« e~ (T-1) 1 e~ (71
> =1 = —fu r.
a+ (1 —a)e20-1 a+(1—a)e20-0r a+(1—a)e20-H

In particular, the modified score function satisfies

(VIog pr_i(x) — Viogpr_e(y))" (x—y) < —Cillx - yI?, Vx,y € R,

a e—2(T—t)

a+(1—a)e20-0  (a+ (1 —a)e2T-D)2 M=1.

with Ct =

CREST - Theoretical Foundations of SGM




Key Results: Smoothness of the Score Function

Assume that V' [/ is L -Lipschiiz. Then, the modified score function is Ls-Lipschitz:
IV log pr—i(x) — Vlog pr—e()ll < Lellx —yll, Vx,y € R,

with

. 1 -
L = mm{m;eﬂT t)LU} +1.
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Regime switching

Time 030

Time 020

35383838

32338833

DS JO SUONEPUNO [BO1RI03YL - | STHO)

HE ]

1853z

s3383%8

2z2288338

2328288

£ 8%3523%

Time 060

Time 1.01

Time 141

s88853%

AN

388333

23388833

58 38 3

Time 0.00

Time 0.40




Regime switching
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Regime switching
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Regime switching

b; non-contractive

S
?

by contractive

~

B e e = AL

S

~

p: weakly log-concave

Key Insight: Contractivity foster efficiency.
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Non-Asymptotic Guarantees for SGMs

Theorem [GS025]:

Consider a uniform grid {kh} for discretizing time. Suppose, Assumptions 1 and 2
hold. Then, there exists C > 0 such that

Wi (Tdata, £ (XF)) S e " Wa (Tdata, Tret) + Je, + VahT .

Approx. error Discr. error

Mixing time error
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Discrete Markov Probabilistic Models

Le-Tuyet-Nhi PHAM', Dario Shariatian?, Antonio
Ocello®, Giovanni Conforti*, Alain Oliviero Durmus'

TCMAP, Ecole Polytechnique, Institut Polytechnique de Paris, France.
2INRIA - Department of Computer Science, PSL Research University, Paris, France.

SCREST, Groupe ENSAE-ENSAI, ENSAE Paris, Institut Polytechnique de Paris, France.

4Dipartimento di Matematica, Universita degli Studi di Padova, Padova, ltaly.

The Forty-Second International Conference on Machine Learning (ICML).
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CTMCs on Discrete Spaces: Generator and Sampling

A CTMC (X:):-10.7) on a discrete space X is characterized by a (possibly time-inhomogeneous) rate
matrix (qt)iep,m such that
D> oa(xy)=0, VxeX,
yex
and,as h] 0,
P(Xeen =y | Xe = X) = 0x(y) + hae(x, y) + o(h).
Sampling [Gil07]: Define the jump rate and jump kernel

B _ Qt(X»Y)
At(x)—yez;qz(x,y), hilx,y) = Loy =\ 057

Jump times are generated via an exponential clock and the integral hazard

t
AT =inf{t>0: / Ar(Xr) dr > E1},
0

then sample the next state using Cate(kr,,, (X7, -)).

CREST - Theoretical Foundations of SGM




Forward Process on {0, 1}: Closed-Form Transition

State space X = {0, 1}, homogeneous bit-flip CTMC:

= 17

Closed form transition matrix. For0 <t < T, ﬁ,‘ = exp(tﬁ1) and

—2Xt

+ e ) X = y’
B! (x.y)= 1 _oat
E .

Equivalently,

| 1 1 + e—2/\t 1— e—2>\t
ﬁt = 2 1— e—2)\l 1 +e—2>\t .

CREST - Theoretical Foundations of SGM

Exponential mixing to uniform. As t — oo, 2 — 0 and B/ (x,) — (1/2,1/2).




Backward Process on {0, 1}: Time Reversal Formula

Define the reversed process 7 77 ¢~ Then it is again a (time-inhomogeneous) CTMC
with generator qt satisfying the time-reversal identity:

ur—i(X) Qe y) = ur—e(y) G1(y, ), x#y,

where p(x) = ]P’(?, = X).

Since ?])1 is symmetric,

X y) 71(}/7 ﬂT_t(X;'
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Discrete Score on {0, 1} and Conditional Expectation

Discrete score function (discrete analogue of V log pr):

si(x) = “Tft(x)u;_/f(r;)tu —X)

Backward generator expressed via the score:
)\(1 —St(x)), y#x,
Gulx,y) =
“A(1=si(x)), y=x.

Explicit conditional expectation representation.
Let ot = €72, Then

2aT_t1{70=7T—r} B (1 +aT_t) ‘ Yr_t = X:| .

2
1T—a7,

St(X) = E|:

CREST - Theoretical Foundations of SGM

Key insight: The discrete score is a regression target obtained from forward trajectories.




Extension to {0, 1}9: Forward Process and Closed Form

State space X = {0, 1}°. The forward CTMC flips one coordinate at each jump: sample jump times
from a Poisson process and at each jump choose ¢; ~ Unif{1, ..., d}, then flip the ¢;-th bit.

The generator decomposes as a sum of coordinate generators:
Ay =0Y) (flip bit £),

d
ﬁzzab 82(’0)’)2 _)‘7 Yy =X,
=1

0, otherwise.
Closed form / factorization. Denoting ?,‘ the {0, 1} transition, known in closed form, the transition
kernel factorizes over dimensions, yielding

d

ue(x) =Y no(2) [T B (21, ).

zeX i=1

Exponential mixing to uniform. As each coordinate mixes at rate e~2*', the chain converges
exponentially fast to the uniform measure ~4 on {0, 1}¢.

CREST - Theoretical Foundations of SGM




Backward Process on {0, 1}¢ and Vector Score

The time-reversed process Y, = 77,, is a non-homogeneous CTMC with generator <Et satisfying
the same time-reversal formula.

Define the vector discrete score s¢(x) = (sf”(x), ey sgd)(x)) by

sO(x) = “T“(X);T’_‘:(;’)(‘b(é)(x)), ¢=1,....d,

where ¢ flips the ¢-th bit.

Then the backward jump rates only connect Hamming-neighbors:

d
(_
G y) =D M1 = s200) 1, g0y
=1

Key insight: Each component of the discrete score admits a conditional expectation representation
= learning s; reduces to a regression problem based on forward trajectories (discrete analogue of
score matching).

CREST - Theoretical Foundations of SGM




Time Reversal as an Optimal Control Problem

Following [CL22], the time-reversal of the forward CTMC can be interpreted as an optimal control
problem minimizing the relative entropy between path measures.

The optimal control u;(x. y) (for x # y) admits the explicit form
u(x,y) = exp(V(t,x) = V(t,y)),  (tx,y) € [0, T] x X?,

with V(7. x) = —log jir(x), where fi; denotes the relative density with respect to the invariant
measure.

Proposition (HJB equation [PSOCD25])

CREST - Theoretical Foundations of SGM

The value function V satisfies the discrete Hamilton—Jacobi—Bellman equation:

aV(t,x) = Z[ vy (teo) 1],

V(T,x) = g(x) = — log d_Zi(X)’ (t,x) €[0,T) x X.




Theorem (Sharp KL Convergence Bound [PSOCD25])

Consider the discrete forward CTMC on {0, 1}% with horizon T, and assume:
(A1) Finite initial relative entropy: KL(uo | px) < 0.
(A2) Score approximation error bounded by 2.

Then the learned reverse-time process satisfies
KL(uo || 1) < Ei 4 Eo + Es,

where
Er = e 2 TKL(uo | 1) (mixing / initialization),
E,=T¢ (score learning error),
Ez = AhBy,(11+), (discretisation / sampling error),

with 8., (uo) a Fisher-like information of o relative to the uniform distribution ~q, i.e.,

CREST - Theoretical Foundations of SGM

d
_ aXo)-a(e (X o) — loa(GH0 _ _
Bw(ﬂo)—E[Zb(e 0 0 )] g:= Iog(d%), h(a) = aloga—a+1.

£=1




On Forgetting and Stability of
Score-based Generative models

Stanislas Strasman', Gabriel Victorino Cardoso?, Syl-
vain Le Corff', Vincent Lemaire', Antonio Ocello®

"Sorbonne Université and Université Paris Cit¢, CNRS, LPSM, France.
2Geostatistics team, Centre for geosciences and geoengineering, Mines Paris, PSL University, France.

3CREST, Groupe ENSAE-ENSAI, ENSAE Paris, Institut Polytechnique de Paris, France.
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Stability I: Forgetting Property of the Backward Chain

Setting. The reverse-time SGM defines a (possibly inhomogeneous) Markov chain

Xir1 ~ Pr(Xk, ),

whose transition kernel depends on the learned score.
Main structural result of the paper: The backward Markov chain enjoys a forgetting
(contractivity) property: for two initializations x, y,

TV (Law(X{), Law(X})) < Cp*, p<1.

Key insight:
» The chain progressively forgets its initial condition.
» Errors at early stages do not accumulate indefinitely.
» Sampling becomes robust to initialization mismatch.

CREST - Theoretical Foundations of SGM

Implication for SGMs: Backward generation is stable even under imperfect score approximation.




/A

Stability II: Lyapunov Propagation

Key technical tool: Lyapunov function propagation.
There exists a function V : X — R, such that

E[V(Xii1) [ Xk = x] < (1 —a)V(x) + b,

Consequences.
» Uniform moment control along the backward trajectory.
» No explosion under score perturbations.
» Tightness and stability of the generated distribution.

For SGMs:
» Prevents instability from large score gradients.
» Guarantees bounded propagation of discretization error.
» Ensures robustness of sampling dynamics.

Key insight: Lyapunov control = stable generation.

CREST

a > 0.

CREST - Theoretical Foundations of SGM




Stability of Score-Based Generation

Combining forgetting + Lyapunov propagation yields:

1. Controlled error accumulation
KL = Eiit + Escore + Eaiec, With no exponential blow-up.

2. Stability w.r.t. score perturbation
Small regression error in the score ||sy — s*||? induces only linear degradation in KL.

3. Practical implication
SGM generation is:

> robust to imperfect training,
» robust to discretization,
> insensitive to initialization at large horizon.

Key insight: The backward SGM dynamics behaves as a stable controlled Markov chain, not as an
unstable reverse-time diffusion.
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Conclusion
1. Why do SGMs work?

» Solve a sequential problem: bridging sampling from simple reference to complex data.

» Log-concavity helps ensure contractivity and stability of the backward dynamics.
» Explicit non-asymptotic convergence bounds in different metrics

Mixing + Score Approximation + Discretization.

> Stability ensured by forgetting and Lyapunov propagation.
2. Is the pipeline general?
» Time-reversal = optimal control problem. Link with stochastic control.
> Discrete state spaces: {0,1} and {0,1}°.
» Control-theoretic formulation suggests natural ways to encode priors.

3. Stochastic vs deterministic generation?
» Stochastic backward dynamics enjoys forgetting and stability.
»> Robustness to initialization and score perturbations.

CREST - Theoretical Foundations of SGM



Perspectives

Future directions.
» Convergence guarantees for conditional SGMs.
» Incorporating heavy-tailed priors or non-Gaussian references.
» Beyond OU: structured forward dynamics.
» Sharper Wasserstein / path-space stability bounds.

SGMs are controlled stochastic systems — not just denoisers.
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