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Setup

Given a reference system X; (weather, molecular dynamics, diffusion models, flow matching)
together with an observation Y:

dXt = bt(Xt) dt + dBt,
Y = G(X7),
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Setup

Given a reference system X; (weather, molecular dynamics, diffusion models, flow matching)
together with an observation Y:

dXt - bt(Xt) dt + dBt,
Y = G(XT)7

We want to learn the conditional distribution

X|Y=y.

We will focus on the case Y = X7, i.e. diffusion bridges.

Example: Transition path sampling in molecular dynamics; interpolating between weather states
from a coarser simulation; guidance/reinforcement learning for diffusion models.



A simple diffusion bridge example

Left: unconditioned dynamics in the double-well potential. Right: the conditioned bridge law.



Doob’s h-Transform

Naive approach: simulate reference system and only choose paths where X+ = x.
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Doob’s h-Transform

Lemma (Doob’s h-transform)

We can simulate paths from X|Xt = xt with a controlled system
dX{ = be(X{) + ue(XE; x7)dt + dB:.

with
ui (x; x1) = Vi log p(X7 = x1 | X¢ = x).
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Lemma (Doob’s h-transform)

We can simulate paths from X|Xt = xt with a controlled system
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with

ui (x; x1) = Vi log p(X7 = x1 | X¢ = x).

How do we approximate u*?



Generalized Tweedie / Score Formula
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Theorem (Pidstrigach, Baker, Domingo-Enrich, Deligiannidis, Niisken (2025))

-
uz(xs;x1) = Vi log p(XT = x7 | Xs = X5) = IE[/ o (VXSXt)T dB: | X7 = x1,Xs = Xs| -
S




(Very) Rough Proof Sketch: Malliavin Calculus

Start from pris(x7 | x5) = E[dx (XT) | Xs = Xs].
V log pT|s(XT | Xs) = #‘SVE[(SXT(XT) | Xs = XS]-
Apply Malliavin integration by parts.

& b=

The derivative leaves the singular object d,, producing the stochastic integral S.

Very handwavy intuition

Move differentiation off the singular reward 6 and onto the path measure. So
BVE(X)] = [ Ve(p(x)dx = - [ £()Vlog p(x)p(x)dx = ~E[g¥ log p(X)]

in infinite dimensions.



Intuition: Self-Consistency

Under the target measure, the original Brownian motion has drift v*.
dX; = be(Xt) dt + dB,
= be(Xe) dt + uf(Xe) dt — vy (Xe) dt + dB;
= be(X¢) dt + uf(X:) dt + dW.

with dW; = dB; — uf(X;)dt a Brownian motion under the target measure. Therefore

T
u*(xs) =E / o (Vx Xe) | dB: | X1 = x7,Xs = xs]
L' S
r T
=K / o (Vx Xe) T dW, + uf(X)dt | X7 = x7, X5 = XS]
- T .
-F / o (Vx Xe) " uf(Xe)dt | X7 = x7, Xs = xs}
LY S




Intuition: Self-Consistency

For o = 0; we get that the optimal control satisfies the following self-consistency
property:

Theorem (Self-consistency: Howard, Niisken, Pidstrigach (2026))

Foranyt >s
(5,%) = Epur [ (T Xe) T 0" (6, X¢7) | X2 = x].



The Optimal Control is Self-Consistent

u(s, X¢)=E[Jy, u(t, Xy") | X{]

t|s

u u
X X,
Jis = Vx, Xy



Big Problem: We cannot simulate from the target (conditioned) measure.

2025: BEL-Algorithm 2026: Consistency Bridges

e Train on data from the reference law e Train on data from the current
P. controlled law P46,
e Use amortization. e Transform to a fixed-point problem.
e Pro: Get a clean regression problem. e Pro: Better on-policy coverage of
e Con: support mismatch for rare rare bridges.

events. e Con: Training is less stable.



Route 1: Regress on the Score Under the Base System

BEL training objective / Amortization

Train against the stochastic score estimator under the reference diffusion:
2
ds] ,

T
LepL(0) = IE[/
0

XT - XT7X5 = Xs:| = u:7XT(Xs)'

-
ug(s, Xs, XT) = ]E[/ o (Vx. X)) dB;

.
ug(s, Xs;XT)—/ ay (VXth)T dB:
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Algorithmic picture: simulate the base process, use X7 as the endpoint label, and amortize one network
over all terminal values.



Route 1: Regress on the Score Under the Base System

BEL training objective / Amortization

Train against the stochastic score estimator under the reference diffusion:
2
ds] ,

T
LepL(0) = IE[/
0

XT - XT7X5 = Xs:| = u:7XT(Xs)'

.
ug(s, Xs, XT) = IE[/ o (szXt)T dB;

.
ue(s,Xs;XT)—/ ay (szXt)T dB:

Algorithmic picture: simulate the base process, use X7 as the endpoint label, and amortize one network
over all terminal values.

What it buys and what it misses

Elegant and fully amortized, but still trained on the uncontrolled system. For rare events, the bridge
support is poorly covered exactly where accuracy matters most.



Route 2: Turn the Control Equation Into a Fixed Point

Self-consistency loss from Paper 2

Lrp(0) = [Huo(s x5 -

)
] u(s, X =E[Jy, u(t, X") | X{]

1 T
U, - A_/ o (Ve Xo) T up(t, XP) dit.

S

T T
XI/ XU
. ~— t
Interpretation L=V X,
o Simulate the current controlled process X°. Earlier control values are matched to later

. ) ] control values transported back along the
o Enforce self-consistency by regressing against the

trajectory.
future values of the current control.

e Enforce the bridge endpoint by construction at
the final step.



Unique Fixed Point

The following justifies that the fixed point of the above iteration is unique:

Theorem (Howard, Niisken, Pidstrigach (2026))

Assume u is a control which has the following properties:

1. Endpoint condition: X% = x7 almost surely.
2. Self-consistency: For all t > s: us(xs) = Epu+ [(VXSX,_L)T u(t, Xf) | X¢ = x]

3. It is of gradient form at some point uy = VF for any t.

Then us(xs) = Vlog p(X7T = x7 | Xs = xs) Is the optimal diffusion bridge control.



Proof Sketch: Self-Consistency

For a smooth terminal weight F(X7), define the tilted path measure

dQ
Then the optimal control satisfies

u*(s,x) = Vy log Bx[F(X7) | Xe = x] = Eqg [(vxsxr)T Vlog F(X7) | Xe = x] .

For any s < t < T, insert the tower property and the chain rule
Vx Xr = (V. Xe) (Vx. X7) :

u*(s, x) = Eg [(vxsxt)T Eq [(vxtxr)T Vlog F(X7) | xt]

Xs:x]

=y [(vxsxt)T Ut Xe) | Xo = x] .

Theorem (Self-consistency: Howard, Niisken, Pidstrigach)

u"(s,x) = Epur [(vxsxt)T u (6, X)) | XY = X] _



And now: Nice images
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three figures | like from the projects



Double-Well Marginals
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Fashion-MNIST Conditioning
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Fashion-MNIST example from Conditioning Diffusions Using Malliavin Calculus. Left: conditioned generations. Right: conditioning

inputs.



Muiller-Brown Potential
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Full three-panel figure from the consistency-loss paper: Miiller-Brown trajectories, Ramachandran plot, and

alanine transition-path energy.



Fine-Tuning Example

mid-century modern revival mansion

blue cow and black keyboard pizza and bowl four boats

Recreated from Figure 1 in the fine_tuning_non_diff project. In each pair: base model on the left, fine-tuned model on the right.
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